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Improved Finite-Difference Scheme
for Transonic Airfoil Flowfield Calculations

Lee-Tzong Chen*
McDonnell Douglas Corporation, St. Louis, Mo.

Second-order quasiconservative and nonconservative finite-difference schemes, which yield second-order-
accurate solutions in supersonic regions, have been developed for transonic flowfield calculations about airfoils.
The solution accuracy is further improved by applying a third-order isoparametric element which improves the
finite-difference approximations for velocity components and body boundary conditions. It is found that the
discrepancies between first- and second-order, quasi- and fully conservative solutions are generally small for
cases containing a single shock. However, the discrepancy is significant for cases containing double shocks.
Furthermore, the present second-order quasiconservative scheme has been shown to provide better solution
resolution near shocks than the second-order fully conservative scheme, and thus needs fewer grid points on the
airfoil surface for an adequate prediction of shock strength and location.

Introduction

METHODS for computation of steady, inviscid transonic
flowfields have reached a stage of development where

they are gaining acceptance in aerodynamic design. Because
of the complex nature of transonic flowfields, a large number
of grid points is generally required on airfoil or wing surfaces
for adequate prediction of shock strength and location."
Furthermore, many configurations considered in
aerodynamic design cannot be adequately treated by existing
computer programs, in part because computer storage
limitations do not permit the use of a grid that can resolve
flowfield gradients about complex geometries when con-
ventional finite-difference schemes are used. For instance,
Ballhaus and Bailey1 indicated that in many engineering
applications, the storage limitations of the NASA Ames
Research Center CDC 7600 do not allow adequate resolution
of the flowfield about a simple isolated wing, nor about a
wing-fuselage or more complex configurations. Poor com-
putational resolution always results in shock-wave pressure
gradients smeared over a greater chord wise distance than
actually occurs. Lynch2 showed that this shock smearing
substantially degrades the accuracy of existing, coupled,
viscous-inviscid calculations and may cause significant un-
derprediction of the boundary-layer displacement thickness
near the, trailing edge. Therefore advanced, higher-order
methods with increased accuracy for a fixed number of grid
points are needed to alleviate storage problems and improve
resolution near high-gradient regions, such as near leading
and trailing edges and near shock waves, in inviscid transonic
flowfield calculations.

Attempts to increase the order of accuracy of conventional
finite-difference schemes for transonic flow computation
have not received great emphasis, partly because charac-
teristics of the conventional five-point (elliptic) operator are
well known and well documented. Improving the order of
accuracy of a transonic potential flow calculation requires
consideration of two independent problems. The first
problem is related to improving the order of accuracy of the

Presented as Paper 81-0381 at the AIAA 19th Aerospace Sciences
Meeting, St. Louis, Mo., Jan. 12-15, 1981; submitted March 11, 1981;
revision received July 30, 1981. Copyright © American Institute of
Aeronautics and Astronautics, Inc., 1981. All rights reserved.

* Research Scientist, McDonnell Douglas Research Laboratories.
Member AIAA.

flow equation approximation in subsonic regions. The second
problem is related to improving the order of accuracy of
artificial viscosities and/or densities to be added to the flow
equation approximation in supersonic regions in order to
reflect the directional bias of the flow.

By introducing an isoparametric third-order element, Chen
and Caughey3 developed a third-order-accurate finite-
difference scheme for solving a locally transformed, full-
potential equation. The transformation matrix and potential
function are exact for a general cubic function of the
dependent variables, therefore the scheme is third-order
accurate in subsonic flows in terms of global truncation error.
Although when applying finite-difference schemes, it is
customary to be concerned primarily with the discretization
error at control points where the finite-difference equation is
satisfied, the global truncation error is of greater importance
in solving the discretized equations resulting from either
finite-difference or finite-element formulations. Third-order
finite-difference schemes are less widely used than the con-
ventional second-order schemes; however, the former have
often been used in solving flow equations where first-
derivative terms are more crucial in the solution process, for
example in convective diffusion problems.4 To improve the
order of accuracy of the flow equations in supersonic regions,
Jameson5 introduced a second-order-accurate, fully con-
servative, artificial viscosity term which improves the solution
accuracy in supersonic regions for certain cases but fails to
provide converged solutions for strong shock cases. Ives and
Liutermoza6 developed a second-order-accurate non-
conservative scheme which also improves the solution ac-
curacy in supersonic regions; however, since their scheme is
nonconservative, the degree to which conservation of mass is
satisfied at the shock is not known.

In the present method, a local coordinate transformation is
applied to uncouple the flow equation solver from the grid-
generation step. A finite-difference approximation of the full
potential is obtained by applying a second-7 or a third-order3

element, and by adding new second-order artificial viscosities
in supersonic regions. The difference equations are solved for
transonic flowfields about airfoils by an extrapolated
relaxation scheme. Both nonconservative and quasicon-
servative solutions are obtained. Tentative comparison and
assessment of present solutions vs conventional solutions are
made in the context of computing flow around an airfoil
where results from methods of well-established accuracy and
reliability are available.
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Third-Order Finite-Difference Approximations
Isoparametric elements are commonly used, especially in

finite-element analysis, to locally transform a curvilinear
coordinate system to a convenient computational coordinate
system. The trend to treat more and more complex geometries
in finite-difference schemes for transonic flow calculations
makes the use of body-conforming coordinates desirable, and
therefore the use of isoparametric elements to transform
coordinate systems has become popular. For example, first-
order isoparametric elements were adopted by Jameson and
Caughey8 and by Caughey and Jameson9 in formulating
finite-volume schemes. Second-order (Fig. 1) and third-order
(Fig. 2) isoparametric elements were adopted by Chen and
Caughey3'7 in formulating finite-difference representations of
the two- and three-dimensional, full-potential equations for
inlet flow calculations. The second-order element was also
used by Chen10 to improve the implementation of boundary
conditions in a wing-body computer program FLO-27, based
upon the Jameson and Caughey method.8 Other higher-order
elements are also under study; for example, both second- and
fourth-order elements were considered by Deconinck and
Hirsch.11 Considering a third-order element3 (Fig. 2), the
physical coordinates x and y of a point p in the element are
related to the computational coordinates X and Y by
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Fig. 1 Transformation of second-order element.
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Fig. 2 Transformation of third-order element.

where ( x l t y j ) t (x2,y2)>--. (x16,y16) are coordinates of points
1, 2,... 16 in the physical plane, respectively (see Fig. 2).

The potential function <t> at point p is given by

where

(6)

(7)

and <A7,02,...0/5 are values of <A at points 1,2,... 16.
The equation for the velocity potential </> written in physical

coordinates is

(a2-u2)<t>xx+(a2-v2)<l>yy-2uv<t>xy = (8)

where u and v are the velocity components in the x and y
directions, respectively, and a is the local speed of sound
determined from the energy equation

a2=a2)_(v_1)(u2. (9)

where a0 is the stagnation speed of sound and v the ratio of
specific heats for the assumed, calorically perfect gas.

In the computational plane, Eq. (8) is rewritten as

(10)

(U)

(12)

(13)

where

C1 = [a2(x2
Y+y2

Y)-(uyY-vxY)2]/D2

C2 = [a2(x2
x+y2

x)-(uyx-vxx)2]/D2

C3 = -2[a2(xxxY+yxyY)

-(uyY-vxY)(uyx-vxx)]/D2
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Fig. 3 Mapping-generated grid for a Korn airfoil.
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Fig. 4 Flowfield around an airfoil.
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The transformation coefficients xx, yx, XY, yY, xxxr xYYt
xXY9... can be computed analytically, if an analytical coor-
dinate transformation can be found, or numerically through

v=(xx<t>Y-xY<t>x)/D

finite-difference approximations. In order to uncouple the
grid generation from the flow equation solver, it is convenient
to compute the transformation coefficients numerically by
differentiating Eqs. (1) and (2). The derivatives of the
potential function, </>Xt </>y, <t>xx> &YY* anc* $XY are similarly
computed using Eq. (6). Equation (10) is more compact than
the transformed equation obtained in Ref. 7 and therefore can
be treated more efficiently in computers. The equation is
more general for formulating finite-difference ap-
proximations of the flow equation and boundary conditions
than the one suggested in the finite-volume method by
Jameson and Caughey.8 To solve Eq. (10), the finite-
difference approximation of Eq. (10) must be satisfied at
every mesh point in the flowfield. It is convenient and always
possible to arrange a local element in the computational plane
so that the control point is located at X= Y=Q as shown in
Fig. 4, where dots represent the control points. The trans-
formation coefficients and derivatives of the potential func-
tion, derived using Eqs. (1), (2), and (6), are given in Ref. 3
and will not be repeated here. Since the highest degree of the
shape functions used in Eq. (3) is the third degree, the finite-
difference approximation to Eq. (10) thus obtained is third-
order accurate.

Artificial Viscosities
In order to reflect the directional bias of supersonic flows,

proper artificial viscosities or densities are generally added to
the finite-difference approximation of the preceding sections
in regions where the local Mach number exceeds unity. In
conventional nonconservative schemes, upwind differences
are used to approximate the second derivative of the potential
function in the stream wise direction. In fully conservative
schemes, artificial viscosity (or density) terms chosen to
emulate the effect of this upwind differencing are added in
divergence form. In the so-called quasiconservative schemes,
the artificial viscosity is in divergence form but the flow
equation is not. In Ref. 3, first-order-accurate non-
conservative and quasiconservative schemes were introduced
and will not be discussed here. In the following, second-order-
accurate nonconservative and quasiconservative schemes will
be introduced. For constructing the artificial viscosity, it is
convenient to think of Eq. (8) as being rewritten in terms of a
Cartesian system rotated into alignment with the local flow
direction. If s and n are taken to be coordinates along and
normal to the local velocity vector, then Eq. (8), after division
by a2, becomes

(19)

where q is the magnitude of the velocity. The second
derivative of the potential function in the 5- direction can be
expressed in terms of the computational variables as

where

<t>ss::=Pl<l>XX+P2<l>YY+P3<t>XY (20)

= (uyY-vxY)2/D2 (21)

= (uyx-vxx)2/D2 (22)

p3=-2(uyY-vxY)(uyx-vxx)/D2 (23)

The first-derivative terms appearing in Eq. (19) are ignored
for constructing the artificial viscosities since they generally
play a secondary role in stabilizing the relaxation process.

In the second-order nonconservative scheme, upwind
differences are used to approximate the contributions of <t>xx
and <t>YY in the first term of Eq. (19). This use of upwind
differences is equivalent to adding the following artificial
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viscosity term HNC to the finite-difference approximation of
Eq.(lO):

= fji(pJ(AX)2<t>xxxx+p2(&Y)2<l>YYYY} (24)

where

= max[l-(q2/a2),0]

m f 1'
1-7, if U<0

if V=xxv—yxu>0
if V <0

(25)

(26)

(27)

(28)

(29)

Although the nonconservative solutions do not ensure mass
flux conservation across the shock, they usually are in good
agreement with experimental data. 7

In the second-order quasiconservative scheme, the
following artificial viscosity HQC is added to the finite-
difference approximation of Eq. (10) in divergence form in
supersonic regions:

(30)

In earlier work, 12 the addition of HQC is continued at the
first and second downstream subsonic points after the shock,
such that the quantities Wi<bXx an^ MP^YY are conserved
across the shock and implying that the mass flux is ap-
proximately conserved across the shock. However, at the first
(/*/,, = 0) and second (M/j = M/-mj = M/j-ii=0) downstream
subsonic points, HQC becomes a zeroth-order term which will
not diminish as the mesh size goes to zero and may cause
spurious pressure oscillations after shocks are shown in Ref .
12. This spurious pressure distribution can be remedied by
introducing the following first-order artificial viscosity Hs at
the first downstream subsonic point after the shock

H= -

By adding HQC at supersonic points and Hs at first down-
stream subsonic points, ^p^xx anc^ PP2&YY are a^so con~
served across the shocks.

Both the nonconservative and quasiconservative schemes
avoid the explicit introduction of density. For values of v of
practical interest, determination of density from the velocity
field is computationally costly because it requires raising a
number to a fractional power. The quasiconservative ap-
proach, despite its differencing of the potential equation in a
nonconservative form, has been generally found to produce
results which are virtually indistinguishable from those of
fully conservative schemes. 13>14

Grid Generation
Solving the finite-difference approximation of Eq. (10)

requires knowledge of mesh-point locations in the physical
plane. Since only local coordinate information is used to
transform the flow equation, the grid-generation step is
completely uncoupled from the flow equation solver. In the

present analysis, body-conforming grids are used to facilitate
the treatment of body boundary conditions.

A convenient mapping function that transforms the
geometry of an airfoil mounted in a channel in the physical
plane (x,y) to an infinite strip of slowly varying width in the
computational plane (£,r?) is given by8'15

x+iy = MJ - cosh(£ + iy) ] (32)

if the airfoil leading edge is located just upstream of the point
(fn 2, 0). The airfoil contour is mapped to a curve near T/ = TT
and the channel boundaries are mapped to near 17 = 0. By
adjusting the channel-height-to-chord ratio and choosing a
small positive value of r/ as the channel boundary, a com-
putational domain that extends five or six chord lengths in all
directions from the airfoil can be defined. Constant £ and 77
coordinate lines are chosen so that the grid points are
clustered near the leading and trailing edges and near the
airfoil surface. A typical grid containing 88 x 16 mesh cells is
shown in Fig. 3 for the Korn airfoil.16

Boundary Conditions
There are two types of boundary conditions that must be

considered in the present problem: those in the far field and
those at the airfoil surface. As described in the previous
section, the computational domain is truncated a finite
distance from the airfoil surface. At these far-field bound-
aries, the solution is only slightly perturbed from the
freestream conditions. A reduced potential G, representing
perturbations from the freestream, is introduced according to

<t> = Uw (xcosot +ysina + G} (33)

where U^ is the freestream velocity and a. the angle of attack.
On the far-field boundaries, the values of the reduced
potential are set to represent a compressible vortex of strength
T

G= (r/27r)arctan(>V7-Mi/;t) (34)

consistent with a uniformly valid asymptotic representation of
the far field.17 The value of F is determined iteratively by
repeated application of the Kutta condition during the
solution process.

At the airfoil surface, the impermeability condition

vxx-uyx = 0 (35)

is applied.
In the computational plane, Eq. (35) can be rewritten as

(xx'+y2x)GY- (xxxY+yxyy)Gx~ (xxyy~yxxy)

X O^cosa —Ar^sino;) =0 (36)

The value of G at body boundary points is determined by
satisfying the finite-difference approximation of Eq. (36)
obtained by applying Eqs. (1), (2), and (6) at X= 0 and Y=\.

For flowfields with sizable supersonic regions, the treat-
ment of the body boundary condition near the shock needs
careful consideration to insure that the solution will conserve
mass flux across the shock. A simple one-dimensional
analysis13 can be performed by solving

(<t)2
x — l)<t>xx = 0 (37)

If < />^>l , the flow is assumed to be supersonic and an ar-
tificial viscosity is added in conservation form. A shock is
found when the square of the velocity, </>^, decreases from
> 1 to < 1. For weak shocks, conservation of (<t>3

x/3 - </>*) is
equivalent to conservation of mass. For given boundary
conditions, first- and second-order quasiconservative
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solutions are obtained numerically by using second- and third-
order finite-differencing schemes. The analysis shows that the
second-order schemes do conserve mass flux across the shock,
while the third-order schemes do not. However, if the second-
order scheme is applied at the shock point and two down-
stream subsonic points and the third-order scheme is applied
elsewhere, mass flux conservation can be preserved. The
analysis also shows that the first derivative <f>x plays a crucial
role in conserving mass flux. In the two-dimensional airfoil
flow calculations, the same strategy used in the previous one-
dimensional analysis is used to enforce the body boundary
condition at the point of intersection of the shock with the
body surface. This strategy is successful in eliminating the
otherwise occurring spurious undershoots and overshoots of
the static pressure distribution downstream of the shock. No
special treatment is applied at nonboundary points near the
shock in the third-order element scheme.

At the trailing edge, the linearized equation

(38)

is assumed to hold. Equation (38) is obtained from Eq. (10) by
neglecting the nonlinear velocity contribution and the C4 and
C5 terms. This linearized equation is strictly valid at the
trailing edge only for airfoils having finite trailing-edge
angles; it can be regarded as an interpolation operator when
the airfoil is cusped and the second derivatives of <£ become
unbounded. The circulation F is determined iteratively as the
solution process proceeds. A constant discontinuity in
potential is applied along a branch cut (coordinate line) ex-
tending downstream from the airfoil trailing edge to the far-
field boundary. The value of the discontinuity is taken as that
computed at the trailing edge, thus assuring that the Kutta
condition is satisfied.

Relaxation Strategies
A line relaxation scheme is developed to solve the third-

order finite-difference approximation of Eq. (10) with
boundary conditions specified by Eqs. (31) and (34). In the
third-order finite-differencing schemes, the global truncation
error of the algorithm is third-order and the approximations
to the velocity components and the body boundary condition,
which are expressed in terms of first derivatives of the
potential function and position vectors of local mesh points,
are one order more accurate than those corresponding to the
conventional second-order schemes. However, the ap-
proximations of second derivatives in both the third-order
and conventional second-order schemes are the same;
therefore, the stability criterion, which depends mainly on the
behavior of second derivative terms, is not much different in
the two schemes. Care is needed, however, in the treatment of
the asymmetric cross-derivative of the potential function <I>XY
which tends to be destabilizing. The following method of
mixing new and old values of </> is found to be effective in
leading to a convergent process.

= (1/36)

(39)

where </> and </>+ are the old and new values of the potential
function. The above equation holds when the line relaxation
sweeps along / = const and in the direction of increasing /.
Similar formulas can be developed for other sweeping
strategies.

For the second-order nonconservative and quasicon-
servative schemes, second-order artificial viscosities are added
at supersonic points. The old and new values of </> con-
tributing to the terms [\-(a2/q2)](t)ss+HNC (orHQC) of the
relaxation equation are chosen to ensure a convergent process
as follows:

-4(w1)ij(CiJ-Ci_2mJ) -4(w2)iJ(CiJ-CiJ_2n)+R

(40)

or

-Ci,j-n) + (^2 ) ij (Qj ~ CU+H ) +RSS

(41)

where CiJ = <l>£j-<l>ij is the correction to the potential func-
tion and Rss is the residual of the finite-difference ap-
proximation to [1 - (a2 /q2 )]<t>ss evaluated using old values of
«. - , .

It is also necessary in some cases to add a damping term 4>st
to stabilize the equivalent time-dependent relaxation equation
suggested by Jameson. 18 In the present analysis, the following
term is added3:

(42)

where /3 values from 0 to 1 are chosen depending on the
strength of shock waves and mesh sizes. In subsonic flow
regions, over-relaxation factors are used as in the con-
ventional relaxation schemes .

The line-relaxation scheme is applied along either / = const
lines or 7 = const lines. The arrangement of the third-order
elements and the sweep directions are sketched in Fig. 4. In
the / = const vertical-line sweep, the sweep starts from the
leading edge and proceeds toward the trailing edge of the
airfoil along both the upper and lower surfaces, and then
from the trailing edge toward the far field in the downstream
direction. In the j = const horizontal -line sweep, the sweep
starts from the far field arid proceeds toward the airfoil
surface. To improve the convergence rate of the relaxation
process, an extrapolated relaxation scheme is incorporated
into the program. Two or three meshes are used; solutions
obtained on coarser meshes are used as initial estimates of
solutions on the next finer meshes.

Numerical Results and Discussion
Generally there are two types of errors associated with the

present finite-difference solutions: the error in approximating
the transformation matrix and the error in discretizing the
unknown function to be solved. The error in approximating
the transformation matrix depends upon the uniformity of the
grid-point distribution or the distortion of local meshes in the
physical plane, while the discretization error of the unknown
function depends on the behavior of local gradients of the
function. For the third-order isoparametric element both
errors are third order.

Many reliable solutions obtained by well-established
methods pertaining to transonic flowfield calculations about
airfoils can be found in the literature. Therefore the present
solution for airfoil flows can best be evaluated by comparing
them with solutions obtained by existing methods. Perhaps
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Fig. 5 Comparison of coarse- and fine-mesh solutions for a NACA-
0012 at MOO = 0.70 and a = 1 deg.

the most efficient airfoil code in the public domain is FLO-36,
a multigrid code developed by Jameson19 for transonic airfoil
flow calculations. In FLO-36, the O-mesh is used, and either a
first- or second-order artificial viscosity (or an added term
combining fractions of the first- and ,second-order artificial
viscosities) can be used in supersonic regions to form a first-
or second-order-accurate scheme. A conformal mapping
procedure is applied to transform the physical domain to a
polar computational domain. Since the transformation is
analytical, the error of the transformation matrix is negligibly
small everywhere. Comparisons of the solutions obtained by
FLO-36 and the present method are made in the latter portion
of this section.

A comparison of coarse- and fine-mesh solutions for a
nearly subsonic flow solution is presented in Fig. 5 for the
NACA 0012 airfoil at freestream Mach number Mw =0.700
and angle of attack a = l deg. Three sets of coarse-mesh
solutions are obtained by the present method using 64 mesh
elements around the airfoil surface, 16 mesh cells from the
airfoil surface to the far field, and 12 mesh cells from the
trailing edge to the downstream far field. The second- and
third-order-element solutions are obtained by applying the
second- and third-order elements, respectively, in both solving
the flow equation and enforcing the body boundary con-
dition; the hybrid-element solution is obtained by applying
the second-order element for solving the flow equation, and
the third-order element is applied to enforce the body
boundary condition. In Fig. 5 the upper and lower sets of
curves represent the pressure distributions on the upper and
lower surfaces of the airfoil, respectively, and the coarse-mesh
solutions are compared with a fine-mesh solution obtained by
applying the third-order element and doubling the numbers of
mesh cells in both / and j directions. The second-order-
element solution underpredicts the peak Cp values on both the
upper and lower surfaces, and the third-order-element

-1.2

-1.0 -

0.4

0.6

- — - - - Second-order element
————— Fine-mesh solution (128 x 32 mesh)

0.2 0.4
x/c

0.6 0.8 1.0

Fig. 6 Comparison of coarse- and fine-mesh solutions for a NACA-
0012 at Moo = 0.75 a = 1 deg.

solution overpredicts the peak Cp value on the upper surface
by a smaller percentage error, while maintaining good
agreement with the fine-mesh solution elsewhere. The hybrid-
element solution is slightly better than the second-order-
element solution because of the improved boundary con-
dition; however, it still underpredicts the peak Cp values on
both surfaces. In conclusion, the overall agreement is best
between the third-order-element and fine-mesh solutions.

A comparison of coarse- and fine-mesh solutions for a
transonic flow is presented in Fig. 6 for the same airfoil at a
higher freestream Mach number, M^ =0.75, and the same
angle of attack, a. = 1 deg. Two sets of coarse-mesh solutions,
obtained by the present method using the same numbers of
grid points used in the previous example, are compared with a
fine-mesh solution obtained by using a 128x64 mesh. All
solutions are second-order quasiconservative. The third-
order-element solution agrees with the fine-mesh solution
almost everywhere except near the shock where the pressure
jump is smeared over a wider chordwise distance because of
the coarseness of the mesh. The second-order-element
solution underpredicts the peak Cp values on both the upper
and lower surfaces, again illustrating the improvement of
solution accuracies obtained on coarse meshes using the third-
order element.

All subsequent solutions obtained by the present method
used 128 mesh cells along the airfoil surface, 24 mesh cells
along the wake, and 32 mesh cells from the airfoil surface to
the far field. Solutions are obtained after the maximum
residual has been reduced by at least five orders of magnitude
and the circulation change between two sweeps has been
reduced to less than 0.0002%. Figure 7 shows the present
solutions obtained using the second- and third-order elements
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Fig. 7 Comparison of first- and second-order solutions for a NACA
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for the NACA 64A410 airfoil at a freestream Mach number,
MOO =0.75, and angle of attack, a = 0 deg, and compared with
Jameson's fully conservative solution. In Fig. 7, N and M
represent the numbers of mesh cells along the airfoil surface,
and from the airfoil surface to the far-field boundary,
respectively; //, represents the order of artificial viscosity
added at supersonic points, and CL is the total lift coefficient
obtained from the circulation at the trailing edge. The present
first-order quasiconservative solution obtained using the
second-order element is in good agreement with Jameson's
first-order fully conservative solution shown in Fig. 7.
Nevertheless, the second-order quasiconservative solutions
obtained by applying second- and third-order elements, which
agree fairly well, predict stronger shock strength, slightly
more downstream shock location, and a greater flow ex-
pansion after the shock. The shock strength predicted by the
present second-order scheme is almost identical to the
strength predicted by the one-dimensional normal shock
relation. This example shows that the discrepancy existed in
the prediction of shock strength and location obtained by
applying the first- and second-order, quasiconservative or
fully conservative schemes. The second-order quasicon-
servative solutions shown in Ref. 12 for the NACA 0012 and
64A410 airfoils were obtained without the proper treatment at
shocks as described in Eq. (31) and predict stronger shock
strengths which apparently are due to the zeroth-order errors
mentioned previously.

Some airfoils are designed to be shock free at a specified
freestream Mach number and angle of attack. At slightly off-
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Fig. 8 Comparison of first- and second-order, nonconservative, and
quasiconservative solutions using a second-order element.

design conditions, these airfoils tend to exhibit dramatic
variations in static pressure distribution with small changes in
Mach number or angle of attack. Therefore it is important
and challenging for the finite-difference solutions to be able
to capture subtle changes in the locally supersonic flows
around shock-free airfoils. Figures 8-11 show solutions
obtained by the present method and by FLO-36 for a Korn
airfoil at Mw =0.74 and a = 0 deg. For this particular case,
distinct double shocks appear in the second-order fully
conservative and quasiconservative solutions, while the first
shock near x/c = 0.35 tends to be smeared in the first-order
solutions, even if a large number of grid points is used. Figure
8 presents comparisons of first- and second-order non-
conservative and quasiconservative solutions obtained by the
present method using a second-order element. The first shock
is smeared over at least 10% chord length in the first-order
quasiconservative solution and over about 5% chord length in
the first-order nonconservative solution. The nonconservative
solutions have more forward shock locations than the
quasiconservative solutions; the first shock location predicted
in the second-order nonconservative solution is about 8%
chord upstream of the location predicted in the second-order
quasiconservative solution.

Figure 9 compares the first-order fully conservative
solution obtained by FLO-36, with present first- and second-
order quasiconservative solutions. The second-order
quasiconservative solution is obtained using a third-order
element. Even with 256 mesh cells on the airfoil surface, the
first shock of the first-order fully conservative solution is
completely smeared.

In Fig. 10, second-order fully conservative solutions are
obtained by FLO-36 using 128x32, 192x32, and 256x48
mesh cells to study the effect of mesh size upon smearing of
the first shock. The first shock is completely smeared over
nearly 20% chord in the 128x32 solution and becomes
successively better defined in the 192X32 and 256x48
solutions. The location of the first shock predicted in the
192x32 solution is about 3% chord downstream of the
location predicted in the 256 x 48 solution, and the strength of
the first shock is also underpredicted in the 192 x 32 solutions.
This example shows that the conventional, fully conservative
schemes require a large number of grid points on the airfoil
surface to adequately predict solutions with double shocks,



FEBRUARY 1982 SCHEME FOR TRANSONIC AIRFOIL FLOWFIELD CALCULATIONS 225

-1.2

-0.8 -

-----

-----

----

N

256

192

128

128

M

48

32

32

32'

CL

0.5955

0.5980

0.6040

0.6039

H

First-
order

First-
order

First-
order

Second-
order

Method

Fully
conservative
(FLO-36)

Quasi-
conservative
(MDRL

Fig. 9 Comparison of first- and second-order solutions for a Korn
airfoil at M «, = 0.74 and a = 0 deg.

-1.2

0.8

1.2

128 x 32 (CL = 0.6025)
192 x 32 (CL = 0.6010)
256 x 48 (CL = 0.6005)

0.2 0.4 0.6 0.8 1.0
x/c

-1.2

-0.8 -

———

N

••• 256

19p

128

M

48

32

32

CL

0.6005

0.6039

U.OUo/

Method

Fully
conservative
(FLO-36)
Quasi-

( present)
Quasi-

( Ref. 12)

Fig. 10 Convergence study for fully conservative solutions obtained
by FLO-36 for a Korn airfoil at M^ = 0.74 and a = 0 deg.

Fig. 11 Comparison of fully- and.quasiconservative solutions for a
Korn airfoil at M^ = 0.74 and a = 0 deg.

even when a second-order scheme is used. The second-order
quasiconservative solutions obtained in Ref. 12 and by the
present method, using the third-order element and 128 mesh
cells on the airfoil surface, are presented in Fig. 11 and
compared with the second-order fully conservative solution
obtained by FLO-36 using 256 x 48 mesh cells. The agreement
between the three solutions is generally good except for the
discrepancies near the first and second shocks. The second-
order quasiconservative solution, obtained in Ref. 12 by
applying the second-order artificial viscosity HQC in Eq. (30)
at supersonic points and the first and second downstream
subsonic points after shocks, shows a spurious pressure wiggle
after the second shock. The second-order fully conservative
solution also shows the same pressure wiggle. As mentioned
before, this spurious pressure distribution is probably due to
the zeroth-order artificial viscosity or density added at shock
points. By adding the first-order artificial viscosity given in
Eq. (31) at shock points, the pressure wiggle disappears in the
present solution. The quasiconservative solution predicts
slightly more upstream locations of both shocks, a slightly
weaker strength of the first shock, and a slightly lower peak
Cp of the second shock than the fully conservative solution.
Because of the core memory limitation of the CYBER 175
used for the computations, the finest mesh that can be used
with the FLO-36 code is 256x48; however, there is a good
reason to believe that if the number of grid points used in
running FLO-36 is increased beyond 256x48, the shock
locations of the fully conservative solutions probably will
move slightly further upstream and the peak pressure of the
second shock probably will be further reduced as indicated by
the trend in Fig. 10. Therefore it is believed that the present
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second-order quasiconservative solution is probably closer to
the exact fully conservative solution than the FLO-36
solution. Second-order quasiconservative solutions obtained
using the second- and third-order elements are in good
agreement except for slight differences in the shock strength.
In conclusion, this study of a Korn airfoil flow demonstrates
that the present second-order quasiconservative scheme is
superior to the second-order fully conservative scheme in
avoiding the numerical shock smearing which occurs because
of poor computational resolution even with rather fine
meshes.

Conclusions
A third-order isoparametric element has been successfully

applied to airfoil flowfield calculations. Improved accuracy
of solutions is obtained on coarse meshes, especially near the
airfoil leading edge where large expansions of the flows and
large curvature changes of airfoil contours occur.

The second-order quasiconservative and nonconservative
schemes developed in the present study significantly improve
the solution accuracy in supersonic regions. For cases con-
taining a single shock, most solutions obtained by con-
ventional first-order schemes nearly converge to the second-
order solutions with a reasonable number of grid points.
However, the present study shows that the conventional first-
order schemes cannot provide accurate solutions, even with a
large number of grid points, for double shock cases which are
frequently observed on shock-free airfoils and highly swept
wings. The second-order fully conservative scheme developed
by Jameson can capture a double shock on a Korn airfoil
better than his first-order scheme, but a large number of grid
points is needed on the airfoil surface to adequately predict
the locations and strengths of double shocks. The present
second-order quasiconservative scheme has been shown to
produce less numerical shock smearing than Jameson's
second-order fully conservative scheme, and thus requires
only half as many grid points on the airfoil surface to
adequately capture double shocks.
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